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Abstract
The hypothesis is scrutinized that the weak interaction of hadronic systems
at low energies is dominated by the coupling of the pseudoscalar, vector, and
axial-vector mesons to the weak gauge bosons. The strength of the weak
coupling of the ρ(770) meson is uniquely determined by vector-meson dom-
inance in electromagnetic interactions; flavor and chiral symmetry breaking
effects modify the coupling of other vector mesons and axial-vector mesons.
Many decay rates are calculated and compared to experimental data and
partly to predictions of other models. A parameter-free description of the
decay K+ → π+ℓ+ℓ− is obtained. Predictions for several not yet observed
decay rates and reaction cross sections are presented. The relation between
the conserved vector current hypothesis and meson dominance is clarified.
Phenomenological success of the meson dominance suggests that in some cal-
culations based on the standard model the weak quark–antiquark annihilation
and creation diagrams may be more important than anticipated so far. The
processes are identified where the meson dominance fails, implying that they
are governed, on the quark level, by some other standard model diagrams.
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I. INTRODUCTION
The idea of vector meson dominance (VMD), which was proposed a long time ago [1],
has proven to be very fruitful in describing the electromagnetic interactions of hadrons at
low energies. It is routinely used, even today when the standard theory [2,3] provides a
unified picture of all interactions among leptons and quarks. The reason for the present day
popularity of effective theories is the difficulty encountered when building a bridge between
the world of quarks and gluons and that of hadrons.
According to the VMD hypothesis the electromagnetic interactions of hadrons are medi-
ated by neutral vector mesons (ρ0, ω, φ, and to a lesser extent also their higher recurrences)
which couple to the electromagnetic field aµ according to the Lagrangian
LVMD = −e
m2ρ
gρ
(
V µρ0 +
1
3
V µω −
√
2
3
V µφ
)
aµ , (1.1)
where V ’s are vector meson field operators. The presence of the ratio of the ρ mass squared
to the ρππ coupling constant gρ (g
2
ρ = 36.56±0.29) is required by the normalization condition
Fπ(0) = 1 for the pion form factor. The other factors follow from invariance under the U -
spin SU(2) subgroup of the (flavor) SU(3) group and the assumption that the physical ω
meson does not contain s-quarks.
The idea of the universality of the vector current led very soon to the application of VMD
in weak interactions. The early development was reviewed in [4,5]. But, unlike in QED,
the transition amplitudes between the weak gauge bosons and mesons are nonvanishing also
for pseudoscalar and axial-vector mesons. It is therefore natural to generalize the VMD
and assume that the weak interaction of hadronic systems is dominated by the coupling of
pseudoscalar, vector, and axial-vector mesons to the gauge bosons W± and Z0. We will
refer to this hypothesis as meson dominance (MD).
Qualitative support for MD in weak interactions comes at least from two sources: (1)
Individual pseudoscalar, vector and axial-vector mesons are copiously produced in the decay
of the tau lepton; (2) MD naturally explains why the ratios among various charge config-
urations of hadronic final states in weak decays often follow the rules implied by isospin
invariance, which is otherwise violated in weak interactions.
The MD hypothesis has two components. Firstly, the assumption that the weak inter-
action of hadronic systems is dominated by the coupling of individual mesons to the weak
gauge bosons means, on the quark level, restriction to a certain class of perturbative expan-
sion diagrams. This class does not include, e.g., the penguin and box diagrams. Secondly, in
order to make the MD a quantitative concept we have to establish the effective Lagrangian
of the interaction between mesons and gauge bosons. This will be done in Sec. II.
The question arises whether we really need a simple and approximate phenomenological
approach to the electroweak interaction since we believe that the fundamental theory exists,
which allows one to calculate everything from first principles. We think that the reasons for
exploring MD are twofold.
It is true that the basic electroweak diagrams of most decay modes are relatively simple.
But, as a matter of fact, the QCD effects play an important role. The calculation of QCD
corrections to the basic electroweak diagrams is the most difficult and involved part [6].
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In contrary, the MD approach takes advantage of the fact that the Mother Nature made
some QCD calculations for us, even nonperturbatively, when she built hadrons. It is not
true in general. The results of some QCD calculations (e.g., QCD penguin diagrams, QCD
corrections to the weak and electromagnetic penguins and to the box diagrams) are not
accessible so easily and MD cannot be explored in such cases. Anyhow, an approximately
correct description of some process by the MD may have heuristic value for the more funda-
mental approaches by showing which quark diagrams may be most important. We will try
to illustrate this point in Sec. V.
Another reason for our considering the MD approach is the relations between theory
and experiment. The fundamental theories or models more sophisticated than MD do not
often provide simple formulas for various distributions that would be suitable for use by
experimentalists to fit their data. As a consequence, formulas lacking dynamic motivation
or sometimes even violating the basic principles of quantum mechanics are used. The MD
approach may be able to offer formulas, even if approximate, that are simple and reflect, at
least in a crude way, the underlying dynamics.
We will try to keep this paper selfcontained and provide all the formulas and numbers
we used. The values of input parameters (masses, hadronic widths, lifetimes) needed in our
calculations were taken from [7]. Unless stated otherwise, so were the experimental values
of branching fractions to which we compare our results. The quoted errors of our results
reflect only those of input parameters. No attempt has been made to assess the systematic
uncertainties of the meson dominance approach. Not to expand the scope of the paper too
much, we do not compare, with a few exceptions, our results to those of existing models.
The references to the latter can be traced back from the most topical ones [8,9], some of
them are mentioned in this paper later on.
Throughout the paper P , S, V , and A will be used as generic labels for pseudoscalar,
scalar, vector, and axial-vector mesons, respectively. In Lagrangians, the field operators
will always be those of individual members of isospin multiplets. The isospin symmetry of
hadronic Lagrangians will be ensured through the relations among the coupling constants
for different charge combinations of participating mesons.
In the next section, we write effective Lagrangians describing the coupling of vector and
axial-vector mesons to charged and neutral weak gauge bosons W± and Z0 and define the
parameters of our approach. Section III deals with the decays of the τ lepton, some used
as a source of information about the MD parameters. In Sec. IV, we investigate vector
current processes in which the core of hadronic part is the PPV vertex, with vector meson
V converting into the charged gauge boson. They include the following types of decays:
P1 → P2 + ℓνℓ, P1 → P2 + P3, P1 → P2 + V , and P1 → P2 + A. We calculate also the cross
sections of the antineutrino-electron and meson-electron binary reactions that are related
to the semileptonic decay shown above by crossing symmetry. In Section V we show that
MD leads to a parameter-free formula for the rate of the decay K+ → π+e+e− that agrees
with the experimental value. Predictions for the dimuon mode and for the transitions of
D+ and Ds mesons into the same final state are also made. Section VI is devoted to the
relation between the conserved vector current (CVC) and MD hypotheses. We summarize
our main points and add a few comments in Sec. VII. Some related issues are deffered to
the Appendices. In Appendix A we extract some hadronic coupling constants from data on
hadronic and radiative decay widths. Appendix B shows the decay rate of P1 → P2 + ℓνℓ
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for arbitrary form factors, which was used in Sec. VI.
II. DEFINING MESON DOMINANCE IN WEAK INTERACTIONS
In this section we will use plausible arguments based on the standard model Lagrangian
and the VMD in electromagnetic sector in order to find the effective Lagrangian that de-
scribes the coupling of vector and axial-vector mesons to the weak gauge bosons, both
charged and neutral. In a search for it we first discuss the dynamical content of the VMD
in electromagnetic interactions from the quark model point of view. Then we will apply the
same procedure to the weak interactions.
A. Vector meson dominance in electromagnetic interactions
The electromagnetic part of the standard model Lagrangian
LEM(x) = −jµ(x)aµ(x) (2.1)
contains the electromagnetic field operator aµ and the quark electromagnetic current
jµ(x) = e
3∑
i=1
[
2
3
u¯i(x)γ
µui(x)− 1
3
d¯i(x)γ
µdi(x)
]
,
where ui (di) denotes the field operator of the up (down) quark from the ith generation.
The matrix element of an electromagnetic process with a ρ0 in the initial state will contain
the factor
〈0|jµ(0)|p, λ〉ρ0 = 2
3
e 〈0|u¯(0)γµu(0)|p, λ〉ρ0 − 1
3
e 〈0|d¯(0)γµd(0)|p, λ〉ρ0 , (2.2)
where p and λ are the four-momentum and polarization of ρ0, respectively. Only quarks
of the first generation matter. The matrix elements must transform like four-vectors. The
only two four-vectors we have at our disposal are the four-momentum pµ of the ρ0 and its
polarization vector ǫµ(p, λ). Because we are interested in low energy interactions, we will
neglect the term proportional to the four-momentum. We thus write
〈0|u¯(0)γµu(0)|p, λ〉ρ0 = Fρǫµ(p, λ) , (2.3)
where Fρ is a constant. Isospin invariance together with the isovector character of the ρ
implies that
〈0|d¯(0)γµd(0)|p, λ〉ρ0 = −〈0|u¯(0)γµu(0)|p, λ〉ρ0 .
Putting it into (2.2) and using Eq. (2.3) we get
〈0|jµ(0)|p, λ〉ρ0 = eFρǫµ(p, λ) . (2.4)
On the other hand, we have the relation
4
〈0|V µρ0(0)|p, λ〉ρ0 = N ǫµ(p, λ) . (2.5)
Both Fρ and the constant N depend on the normalization of one-particle states, but their
ratio does not. Comparing (2.4) and (2.5) we see that the Lagrangian obtained from (2.1)
by the substitution
jµ(x) → eFρN V
µ
ρ0(x)
gives the same low energy matrix element as the original Lagrangian (2.1). In order the get
correctly the first term in Eq. (1.1), which is fixed by the normalization of the pion form
factor, the following relation must be held
Fρ
N =
m2ρ
gρ
(2.6)
Repeating all the steps for the isoscalar ω and φ mesons, and using SU(3) invariance
relations
〈0|u(0)γµu(0)|p, λ〉ω = 1√
2
〈0|s(0)γµs(0)|p, λ〉φ = 〈0|u(0)γµu(0)|p, λ〉ρ0 , (2.7)
together with (2.6), we obtain the other terms of Eq. (1.1). We assumed that the φ meson
transforms like a pure s¯s state.1
We consider it important to stress that gρ in Eq. (1.1) and, as a consequence, also in the
weak Lagrangians we are going to introduce in what follows, is the coupling constant of the
ρππ interaction, determined from the ρ→ ππ decay width. This is strictly required by the
condition Fπ(0) = 1 on the electromagnetic form factor of the π
+ meson calculated from
(1.1). In some papers this important constrain was ignored and the gρ was determined from
the electronic decay width of the ρ0 meson. It is true that if one calculates the rate of the
ρ0 → e+e− decay from the Lagrangian (1.1) with gρ determined from ρ→ ππ, the result is
obtained which is smaller by a factor of 1.45 ± 0.07 than the experimental value. But this
is, as we will show elsewhere, the effect of higher ρ resonances. It is improper to mimic this
effect by violating the normalization condition of the form factor.
Also, if higher mesons from the ρ family are added into (1.1), the coupling of ρ(770) to the
electromagnetic field may be modified. The normalization condition for the pion form factor
implies a definite relation among ργ coupling constants. The safest way of accounting for the
influence of higher ρ resonances is to replace the properly normalized form factor induced
by ρ(770) with a properly normalized form factor containing all considered resonances.
Preference is for the experimentally determined ones, if available.
1Relations (2.7) and other of this kind stem from the transformation properties of the wave
functions and field operators, and do not mean that we ignore the gluon or sea quark content of
the meson wave functions.
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B. Meson dominance in weak interactions
Now we are going to apply the same procedure to the weak interactions. First we will
fix the coupling of the charged ρ mesons to the charged weak gauge bosons W±. We start
again from the standard model Lagrangian, this time from the part that exhibits the charged
current weak interaction of the u and d quarks,
Lud = −W−µ jµud + h.c. ,
jµud =
g
2
√
2
Vud dγ
µ(1− γ5)u , (2.8)
where g = e/ sin θW is the electroweak coupling constant and Vud is the relevant element of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [10,11]. The matrix element for a process
with a ρ+ in the initial state is proportional to
〈0|jµud(0)|p, λ〉ρ+ =
g
2
√
2
Vud〈0|d(0)γµ(1− γ5)u(0)|p, λ〉ρ+ .
The axial-vector part does not contribute, and for the vector part we can write
〈0|d¯(0)γµu(0)|p, λ〉ρ+ =
√
2 〈0|u¯(0)γµu(0)|p, λ〉ρ0 =
√
2 Fρǫ
µ(p, λ) . (2.9)
Writing an equation analogous to (2.5), and using the value of Fρ/N as implied by the
VMD for electromagnetic interactions, see (2.6), we come to the conclusion that the effective
Lagrangian for the low energy weak interaction of the charged ρ mesons is
Lρ± = −
gm2ρ
2gρ
Vud W
−
µ V
µ
ρ+ + h.c.
Now let us investigate the coupling of the K∗+ to W+. The corresponding piece of the
standard model Lagrangian is
Lus = −W−µ jµus + h.c. ,
jµus =
g
2
√
2
Vus sγ
µ(1− γ5)u . (2.10)
In analogy with (2.9) we define the constant FK∗ by the relation
〈0|s¯(0)γµu(0)|p, λ〉K∗+ =
√
2 FK∗ǫ
µ(p, λ) . (2.11)
Equation (2.5) is valid also for K∗+ with the same value of the normalization constant N .
Using (2.6) and defining
wK∗ =
FK∗
Fρ
m2ρ
m2K∗+
(2.12)
we arrive at the conclusion that the Lagrangian
LK∗± = −gm
2
K∗+
2gρ
wK∗Vus W
−
µ V
µ
K∗+ + h.c.
6
gives the same values of all observables in low energy processes with a K∗± in the initial
or final state as the standard model Lagrangian (2.10) after the constant wK∗ is properly
adjusted. In the SUf (3) symmetry was exact we would have wK∗ = 1.
The case of the axial-vector meson a1 can be handled in the same way. We define the
constant Fa1 by the relation
〈0|u(0)γµγ5u(0)|p, λ〉a0
1
= Fa1ǫ
µ(p, λ) . (2.13)
With Eq. (2.6) in mind we further define
wa1 =
Fa1
Fρ
m2ρ
m2a1
. (2.14)
The Lagrangian
La±
1
=
gm2a1
2gρ
wa1Vud W
−
µ A
µ
a+
1
+ h.c.
then leads to the same matrix elements for processes with the a1 in the initial or final state
as the original standard model Lagrangian (2.8). In that sense it represents an effective
Lagrangian for the weak interaction of a±1 mesons. The constant wa1 is a phenomenological
parameter of the MD approach and should be determined from data. In the chiral limit
mu = md = 0 the ρ and a1 mesons constitute a parity degenerate doublet and the wa1 would
be unity.
The a1 meson belongs to the
3P1 octet of axial-vector mesons. There has not been any
experimental indication that its counterpart from the 1P1 octet, namely, the b1 axial-vector
meson, also couples to the weak gauge bosons. For instance, it has not been identified among
the decay products of the τ lepton. One possible explanation follows. The valence quark
and antiquark in the b1 form a singlet spin state. Their helicities in the meson rest frame
thus tend to be equal, what leads to a small matrix element of the weak quark current. But
the coupling of the b1 to the gauge bosons, in other words, the existence of a second class
axial-vector current [12], is not ruled out absolutely by the quark model approach. There
is no obvious reason for the matrix element of the type (2.13) written for the b1 meson to
vanish identically.
To complete our considerations of the MD in the charged current weak interactions let
us recall that quarks from higher generations enter the standard model Lagrangian in the
same way as the u and d′ quarks from the first generation. This suggests that the most
general form of the charged current MD is
Lc.c. = − g
2gρ
W−µ
[ ∑
V=ρ+,K∗+,···
m2V VVwV V
µ − ∑
A=a+
1
,K+
1
,···
m2AVAwAA
µ
]
+ h.c. (2.15)
Here V µ and Aµ are the field operators of positively charged vector ( ρ+, K∗+, D∗+, D∗+s ,
B∗+) and axial-vector mesons [a+1 , K1(1400)
+, D+1 , D
+
s1], respectively. Unlisted states either
do not exist or have not yet been discovered. VV and VA are the elements of the CKM matrix
that correspond to the valence quark composition of the particular vector or axial-vector
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meson. To make Eq. (2.15) compact we have introduced wρ+ ≡ 1. In the case of exact
SUf(6) symmetry also the other wV would be equal to one and all wA would be equal to
wa+
1
. The actual values may be different.
Anyhow, the wA should not differ too much from the wV of the vector mesons with the
same flavor, because the corresponding vector and axial-vector mesons form a chiral sym-
metry doublet. The relative sign of the vector and axial-vector parts of (2.15) is important
for processes to which they both contribute.
The parameters wV and wA enter formulas for observable quantities in combinations with
other parameters (CKM matrix elements, strong interaction coupling constants). In some
cases it makes their extraction from the data impossible. This does not diminish appreciably
the predictive power of the MD because the same product of parameters determines the
rates or cross sections of several processes. We can thus fix the normalization using one
piece of data and other quantities then are predicted by the MD. This approach will be used
extensively in Section IV.
In the cases when the vector or axial-vector meson that couples to the gauge boson
appears as one of the final state particles it is useful to define the quantities
YM = |wMVM |2 , (2.16)
where M stands for any of the charged vector and axial-vector mesons. VM is the element of
the CKM matrix pertinent to the valence quark and antiquark of the particular meson, and
wM is the parameter in the effective charged current MD Lagrangian (2.15) that appears in
the M+W+ junction. The YM ’s that will be fixed by data later on are shown in Table I.
A few more words are needed about the strange axial-vector mesons that exist in two
sorts, K1(1270) and K1(1400). Analysis of the branching fractions of the τ
− lepton suggests
that the coupling of K1(1400) to the weak gauge bosons is stronger than that of K1(1270).
First of all, the τ− branching fraction to K1(1400)
− is (8 ± 4) × 10−3, to K1(1270)−, (4 ±
4) × 10−3. Next, the branching ratios of τ− to K−π+π−, K0π−π0, and K−π0π0 systems
are compatible with 4:4:1 ratio, which is typical for decay of an I = 1/2 resonance (K−1 )
to those systems through the (K∗π)− intermediate state. It again points to K1(1400) with
its branching fraction to K∗π of (94± 6)% rather than to K1(1270) [(16± 5)%]. Finally, if
the axial strange mesons that couple to the W gauge boson were the 3P1 state K1A or the
1P1 state K1B, nearly equal mixes of the K1(1270) and K1(1400), then the K1(1270) and
its decay products would be more visible in τ decays. Also, in the recent work [13] current
algebra was applied in the three-pseudoscalar-meson decays of the τ lepton. The K−ρ0ντ
mode [the dominant strong decay mode of K1(1270)] was shown to be consistent with zero.
The higher vector and axial-vector recurrences are not explicitly shown in (2.15). Gener-
ally, their influence will be difficult to take into account due to insufficient knowledge of their
couplings to other hadrons. In some cases (certainly in the phenomenologically most impor-
tant case of the ρ meson family) they can be taken into account by replacing a simple pole
contribution, stemming from the virtual meson propagator, by an empirically determined
electromagnetic form factor. When appropriate, we will use that of [14].
When using the same procedure to determine the coupling of the vector and axial-vector
mesons to the Z gauge boson, we find that only the truly neutral (all additive quantum
numbers vanishing) mesons can couple. The coupling of those consisting of a down quark
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and a down antiquark from different generations is proportional to the off-diagonal elements
of the product V †V and is therefore forbidden by the unitarity of the CKM matrix V . The
neutral mesons formed of valence up quark and antiquark from different generations are
excluded by the form of the neutral weak current itself. The effective Lagrangian describing
the interaction of truly neutral vector and axial-vector mesons with the Z boson has the
form
Ln.c. = − g
2gρ cos θW
Zµ
[ ∑
V=ρ0,ω,···
m2VGV V
µ − ∑
A=a0
1
,f1,···
m2AGAA
µ
]
, (2.17)
whereGρ0 = wρ0 (1−2 sin2 θW ), Gω = −2/3 wω sin2 θW , GJ/ψ =
√
2 wJ/ψ (1/2−4/3 sin2 θW ),
and GV =
√
2 wV (−1/2 + 2/3 sin2 θW ) for V = φ,Υ. For axial-vector mesons we have
Ga0
1
= wa0
1
, GA = −wA/
√
2 for the pure d¯d states [A = f1(1510), χb1], GA = wA/
√
2 for
the pure u¯u states (χc1), and GA = 0 for f1(1285), the isoscalar axial-vector counterpart
of the ω(782). Most of the constants wV and wA represent new parameters, with values
expected not to be far from unity. Isospin symmetry enables to relate some of them to the
corresponding parameters of the charged current Lagrangian (2.15), e.g., wρ0 = wω = wρ+ ≡
1, wa0
1
= wa+
1
. Under exact SUf(3) symmetry we would also have wφ = 1.
The weak interaction of pseudoscalar mesons is routinely described by the Lagrangian
LP = −i g
2
√
2
W−µ
∑
P=π+,K+,···
fP VP ∂
µϕP + h.c. (2.18)
where VP is the element of the CKM matrix pertinent to valence quark and antiquark of
the meson P and fP is the pseudoscalar-meson decay constant defined for the π
+ meson by
〈0|d¯(0)γµγ5u(0)|p〉π+ = i fπ+ pµ (2.19)
and analogously for other mesons. Observables (decay rates, cross sections) of the processes
with the pseudoscalar meson P either in the initial or final state will be proportional to the
quantity2
ZP = |fPVP |2 . (2.20)
The values of these parameters for different pseudoscalar mesons can be determined from
their leptonic branching fractions P → ℓν and are shown in Table II. In the case of the π+
and K+ leptonic decays the radiative corrections are important. We used the prescription
defined in Suzuki’s article in [7], p. 319. For the D+ meson only an upper limit on the
leptonic branching fraction is known experimentally. Here we used the recent lattice calcu-
lation [15] result fD+ = (208±35±12) MeV and |Vcd| = 0.224±0.016 from [7]. We summed
the errors quadratically.
From the MD point of view the coupling of scalar mesons to weak gauge bosons is not
excluded. However, the success of the conserved vector current (CVC) hypothesis shows
2In this paper we will not be faced with the necessity to consider the interference of several
diagrams.
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that this coupling, which represents a second-class vector current [12], must be negligible.
Nevertheless, let us define the scalar-meson decay constant of the a+0 meson analogously to
(2.19) by means of the matrix element of the vector part of the weak current
〈0|d¯(0)γµ0u(0)|p〉a+
0
= i fa+
0
pµ. (2.21)
and similarly for other charged scalar mesons [in fact, apparently only one exists–K0(1430)].
The effective Lagrangian is given as
LS = i g
2
√
2
W−µ
∑
S=a+
0
, K+
0
fS VS ∂
µϕS + h.c. . (2.22)
In the next section we will show on the basis of experimental data that the decay constant
of the a+0 meson is at least twenty times smaller than that of the π
+.
In this paper we will not consider processes in which a truly neutral spin zero meson
couples to the neutral weak gauge boson Z. We therefore do not write the corresponding
Lagrangians here.
What we have done in this section can only be considered as a more or less educated guess,
not derivation, of what the effective Lagrangians for the weak interaction of vector, axial-
vector, pseudoscalar, and scalar vectors may look like. Moreover, we have so far considered
only real (incoming or outgoing) mesons. Going off mass-shell may, in principle, convert the
Lagrangian parameters wV , wA, fP , and fS into arbitrary functions of meson virtualities p
2.
To proceed further we will neglect this possibility and postulate the validity of Lagrangians
as given in Eqs. (2.15), (2.17), (2.18), and (2.22) for both real and virtual mesons. This
postulate, together with the restriction to a certain class of quark diagrams, discussed in
Section I, constitute the main ingredients of the meson dominance in weak interactions.
III. MESON DOMINANCE AND DECAY MODES OF THE τ LEPTON
The decays of the τ lepton have intensively been studied both experimentally and the-
oretically. Theoretical methods range from VMD to chiral perturbation theory, see, e.g.,
[16–20] and references therein. The main aim of this section is to extract some MD param-
eters that will be used in Secs. IV and V in the calculations of decay rates of pseudoscalar
mesons and cross sections of reactions involving them. Nevertheless, in order to assess the
possibilities and limitations of the MD approach we consider it useful to show its predic-
tions for the τ lepton decay modes, even if many of them have already been obtained by
other authors. In some cases the MD works well, even for such a complex decay mode as
τ− → π−π0ηντ .
Some formulas presented here were derived by Tsai [21] for decays of heavy leptons before
the τ lepton was actually discovered [22]. His theoretical input included lepton universality,
conserved vector current (CVC) hypothesis [23], VMD in electromagnetic interactions, and
the Weinberg [24] and Das-Mathur-Okubo [25] sum rules.
The formula for the partial decay width of τ− into a pseudoscalar meson and neutrino
(see Fig. 1) is well known and can be found, e.g., in [21,26,27]. For the reader’s convenience
and later reference it is shown also here.
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Γτ−→P−ντ =
G2Fm
3
τ−ZP
16π
(
1− m
2
P
m2τ−
)2
. (3.1)
Using the values of ZP parameters as given in Table II and the mean lifetime of the τ
− we
get the branching fractions of the π− and K− mode shown in Table III together with results
of the evaluation of other τ− decay modes described below.
The Feynman diagram that corresponds to the decay of the τ lepton to a ρ meson and
a neutrino is shown in Fig. 1. Using the MD Lagrangian (2.15) it is easy to write down
the corresponding matrix element. The resulting formula for the partial decay width, first
derived by Tsai [21], is
Γτ−→ντρ− =
(
GF |Vud|
gρ
)2 m2ρ
8πm3τ
(
m2τ −m2ρ
)2 (
m2τ + 2m
2
ρ
)
. (3.2)
Numerically, Eq. (3.2) yields a branching fraction of 19.0%.
To correct for the finite ρ width, we will consider the three-body decay τ− → π−π0ντ
going via ρ− in intermediate state, see Fig. 2. Let us recall first that if the decaying particle
possesses spin zero or if we average over its spin states, then the usual formula for the
three-body decay a→ 1 + 2 + 3 (see, e.g., [7], p. 176) simplifies to
dΓ =
1
8(2π)4m2a
|M|2 |p1| |p∗2| dM23 dΩ∗2 , (3.3)
where p1 is the momentum of particle 1 in the rest frame of the decaying particle, p
∗
2 is
the momentum of particle 2 in the rest frame of 2 and 3, dΩ∗2 is the corresponding solid
angle element, and M23 is the mass of the 2-3 subsystem. The bar over the matrix element
squared signifies the sum over the final and average over the initial states.
The interaction among a vector field and two pseudoscalar fields is described by the
Lagrangian
LV P1P2 = igV P1P2Vµ ϕ1
←→
∂µ ϕ2 + h.c. (3.4)
If the decay V → P1 + P2 is kinematically allowed then its rate comes out from (3.4) as
ΓV→P1+P2 =
g2V P1P2
48πm5V
λ3/2(m2V , m
2
P1, m
2
P2) , (3.5)
where
λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz (3.6)
is the so called triangle function. In the ρππ case the coupling constants for all three charge
combinations have the same absolute value gρ.
Using Lagrangians (2.15) and (3.4), the three-body decay formula (3.3) and neglecting
the difference between the π− and π0 masses we arrive at the partial width per unit interval
in the π−π0 system mass
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dΓτ−→π−π0ντ
dM
=
(GF |Vud|)2
192π3m3τs
(
m2τ − s
)2 (
m2τ + 2s
) (
s− 4m2π
)3/2 |F (s)|2 , (3.7)
where s = M2 and
|F (s)|2 = m
4
ρ(
s−m2ρ
)2
+m2ρΓ
2
ρ
. (3.8)
Let us note that gρ coming from the Lagrangian (2.15) canceled with that from the ρ
−π−π0
vertex. To account for contributions from higher ρ resonances, in actual calculations we
replaced (3.8) by the π form factor taken from [14]. The final result after the integration
over the allowed range ofM and translation into the branching fraction is (24.4±0.4)%. Our
value is a little bigger than that of Ku¨hn and Santamaria [28], who used the same formula
but a different form factor, but still smaller than the experimental value of (25.24± 0.16)%.
After consulting Fig. 2 we can see that the differential partial width of the decay
τ− → K−K0ντ can be obtained from (3.7) by substituting mπ → mK and multiplying
by (gρ−K−K0/gρ)
2. The latter quantity could only be obtained from the analysis of the kaon
electromagnetic form factor. Here we determine its product with |Vud|2 from the experi-
mental branching fraction. This product, denoted as X
K
0
K−ρ+
, will be used as an input
parameter in Sec. IV.
To get formulas for the τ− decay rates into K∗−, a−1 , or K
−
1 mesons in narrow width
approximation, we only need to change the masses in (3.2) and replace |Vud| by wK∗ |Vus|,
wa1 |Vud|, or wK1 |Vus|, respectively.
Tsai [21] assumed that the second Weinberg sum rule [24] is saturated by narrow-width
ρ and a1 mesons and got the prediction for the τ
− → a−1 + ντ decay rate. In our notation
this situation would correspond to wa1 = 1. Here we treat wa1 as a phenomenological
parameter and determine its value from the experimental branching fraction. The results is
wa1 = 0.8044± 0.0023. The corresponding value of the parameter Ya1, defined by Eq. (2.16)
is shown in Tab. I.
In the case of τ− → K−1 ντ we proceed similarly and obtain wK1 = 0.84± 0.21.
The value (wK∗ |Vus|)2 = (4.20 ± 0.09) × 10−2 will be determined in Sec. IVA from
the experimental branching fraction of K+ → π0e+νe and the full width of K∗+. The
corresponding τ− → K∗−ντ branching fraction, which can be considered a prediction of the
MD approach, is shown in Tab. III.
A. Decays of the type τ− → V + P + ντ
When dealing with decay τ− → ωπ−ντ , see Fig. 3, we have to exploit also the Lagrangian
of interaction among two vector fields and a pseudoscalar one
LV1V2P = gV1V2P ǫµνρσ ∂µV ν1 ∂ρV σ2 ϕP . (3.9)
The differential decay width in masses of the ωπ− system comes out as
12
dΓτ−→ωπ−ντ
dM
=
(GF |Vud|)2
6(4πmτ )3
(
gρ−ωπ−
gρ
)2
× 1
M3
(
m2τ −M2
)2 (
m2τ + 2M
2
)
λ3/2(M2, m2ω, m
2
π)
∣∣∣F (M2)∣∣∣2 , (3.10)
The ρ−ωπ− coupling constant can be fixed using the VMD and experimental branching
fraction of the radiative decay ω → γπ0, as discussed in Appendix A. It was shown by
Decker [29] that a simple form factor like (3.8) did not lead to a proper description of the
ωπ− mass spectrum [30] and that a higher ρ pole had to be included. He used what was
known at that time as ρ(1600). Later it became clear that the 1600 MeV region actually
contains two ρ-like resonances. Castro and Lo´pez [31] showed that a better description of
the same data [30] is provided by combining ρ(770) with ρ(1450) rather than with ρ(1700).
Having fixed the admixture parameter, they obtained the branching fraction that we included
in our Tab. III together with the recently published experimental value [32].
Formula (3.10) gives, after obvious modifications, also the differential decay width of
not yet observed decay mode τ− → φπ−ντ . Here, the ρ−φπ− coupling constant can be
determined in a more direct way, namely, by exploring the experimental branching fraction
of φ→ ρπ as shown in Appendix A. Instead of performing our own analysis we again quote
the result of Castro and Lo´pez, who assumed that the form factor is the same as in the ωπ−
case.
The calculation of the branching fraction of the decay τ− → K∗0K−ντ is complicated by
the fact that two Feynman diagrams, one with ρ−, the other with a−1 in the intermediate
state, see Fig. 4, contribute to the transition amplitude. The contribution of the former
is proportional to the ρ−K∗0K− coupling constant, the value of which can be determined
by analyzing the K∗0 and K∗+ radiative decays by means of the VMD in electromagnetic
interactions. This analysis offers two solutions for (gρ−K∗0K−/gρ)
2 that are compatible with
experimental data on the K∗ radiative decays, namely, (2.22±0.18) GeV−2 and (9.2±5.8)×
10−2 GeV−2,
If we forget for a moment about the axial current diagram and calculate the branching
fraction only from the diagram with ρ− in the intermediate state, we find that it plays a
negligible role. Even for the larger solution shown above the resulting branching fraction
is very small, (6.0 ± 0.5)× 10−5, far below the experimental value of (2.0 ± 0.6)× 10−3. It
shows that the dominant contribution is provided by the diagram with a−1 in the intermediate
state.3 Unfortunately, we do not have any possibility to fix the a−1K
∗0K− coupling constant.
So instead of an honest calculation let us make a crude estimate of what the experimental
information on the τ− → K∗0K−ντ and τ− → a−1 ντ would imply if the former mode were a
subprocess of the latter. Dividing their branching fractions leads to B(a−1 → K∗0K−) ≈ 1%.
This value does not seem to be excluded by the “possibly seen” status of this mode in [7].
Another example of the τ− decay modes with one pseudoscalar and one vector meson in
final state is τ− → ρ−ηντ . This mode was considered a possible test of the Wess-Zumino
term [33] for chiral anomalies [34]. The expected branching fraction lay in the interval
3We must say that this conclusion disagrees with that reached in Ref. [20].
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(3.4, 3.9)× 10−4 [35]. In the MD approach we describe it by means of the hadronic vertex
connecting two ρ’s with the η, see Fig. 5. The proper interaction Lagrangian is again that
introduced in Eq. 3.9. Because the narrow width approximation is not as justified as well as
it was in the case of the ω and φmesons, we complete the diagram with two pions originating
from the ρ and evaluate the τ− → π−π0ηντ branching fraction. Everything greatly simplifies
if we assume that the mass difference between π− and π0 can be neglected. The Feynman
diagram depicted in Fig. 5 then leads to
Γτ−→π−π0ηντ =
(GFgρρη |Vud|)2
9(4π)5m3τm
4
ρ
∫ mτ−mη
2mπ
dM2
(
M22 − 4m2π
)3/2 ∣∣∣F (M22 )
∣∣∣2
×
∫ mτ
M2+mη
dM1
M31
(
m2τ −M21
)2 (
m2τ + 2M
2
1
)
λ3/2(M21 ,M
2
2 , m
2
η)
∣∣∣F (M21 )∣∣∣2 . (3.11)
One yet unknown parameter is the coupling constant in the ρρη vertex. As shown in Ap-
pendix A, the branching fraction of ρ0 → ηγ can be utilized and the value (gρρη/gρ)2 =
(15.1 ± 2.8) GeV−2 is obtained. Using the form factor [14] and integrating Eq. (3.11) nu-
merically we end up with the branching fraction (1.79±0.33)×10−3, which agrees perfectly
with the experimental value of (1.71± 0.28)× 10−3.
B. Decay τ− → π−ηντ
The experimental upper limit for the branching fraction of the τ− → π−ηντ mode (1.4×
10−4) indicates that this mode is suppressed relative to τ− → ρ−ηντ , which we considered
above, by at least one order of magnitude in spite of the larger phase space available. This
can easily be understood within the MD approach. In fact, if the spin-parity conservation
laws are strictly enforced in conjunction with those based on isospin invariance, then there
is no pseudoscalar, vector, or axial-vector meson that can couple to the π−η system. The
only possibility to realize the transition from W− to this system is via the a−0 scalar meson,
see Fig. 6. It gives us a chance to gain some information about the strength of the a−0W
−
interaction, as shown in the following.
The dominant decay mode of the a−0 meson is a
−
0 → π−η. It allows us to replace the
decay τ− → π−ηντ in our considerations by a simpler one, namely, τ− → a−0 ντ .4 The
coupling of scalar mesons to the gauge bosons is similar to that of pseudoscalar mesons, as
shown by a comparison of (2.18) and (2.22). We can therefore use Eq. (3.1) to find an upper
bound on the scalar-meson decay constant of the a−0 meson. The result is fa−
0
< 7 MeV. For
comparison, the pseudoscalar decay constant of the π− meson is about 131 MeV.
4This decay was proposed as a clear test for the existence of second-class vector current by Leroy
and Pestieau [36] soon after the discovery of the τ lepton [22].
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IV. PROCESSES CONTAINING THE P − P − V + VERTEX WITH V + COUPLED
TO W+
In this section we will consider charged weak current decays of pseudoscalar mesons
(P1) into a pseudoscalar meson (P2) and an additional system, which may be an ℓν pair,
another pseudoscalar meson, a vector meson, or an axial-vector meson. According to the
MD hypothesis the processes of this kind proceed by coupling the pseudoscalar meson pair
to a charged vector meson (V ), which in turn couples to a charged gauge boson. The latter
finally converts into one of the systems mentioned above. The P1 → P2 + V transition is
governed by the Lagrangian (3.4). It is useful to introduce the quantity
XP1P2V = YV
(
gV P1P2
gρ
)2
, (4.1)
which will enter all our formulas for decay rates in this section. Parameter YV is defined by
Eq. (2.16), gV P1P2 is the coupling constant in the Lagrangian (3.4).
Our general strategy will be to determine the quantities (4.1) from some of the experi-
mentally known branching fractions of semileptonic decays and then use them for making
predictions for other decay modes. A notable exception is the decay π+ → π0e+νe, which
proceeds via the ρ+ meson. Here, the quantity under consideration is simply given by the
ud element of the CKM matrix, Xπ+π0ρ+ = |Vud|2, and is thus well known.
A. Decays of the type P1 → P2 + ℓ+νℓ
The generic Feynman diagram for the weak decay of a pseudoscalar meson P1 into an-
other pseudoscalar meson P2 and an ℓ
+νℓ pair is shown in Fig. 7. The corresponding matrix
element can easily be written on the basis of the lepton part of the standard model La-
grangian and Eqs. (2.15) and (3.4).
M = GFwV VV gV P1P2
gρ
m2V
m2V − t
[
(p1 + p2)
µ − m
2
P1 −m2P2
m2V
(p1 − p2)µ
]
lγµ(1− γ5)ν , (4.2)
where p1 (p2) is the four-momentum of the incoming (outgoing) meson and t = (p1− p2)2 is
the square of the four-momentum transfer from P1 to P2. Obviously, t is also equal to the
mass squared of the ℓ+νℓ system. The evaluation based on Eqs. (3.3) and (4.2) gives, after
the integration over the lepton momentum direction in the ℓ+νℓ rest frame, the following
formula for the differential partial width:
dΓP1→P2ℓ+νℓ
dt
=
G2FXP1P2V
3(4πmP1)
3
t−m2ℓ
t3
λ1/2(m2P1 , m
2
P2 , t) [ϕ1(t)− ϕ2(t)]
(
m2V
m2V − t
)2
, (4.3)
where
ϕ1(t) = 2t
4 − (4x+ 4y + z)t3 +
[
2(x− y)2 + z(2x+ 2y − z)
]
t2
+2z
[
(x− y)2 + z(x+ y)
]
t− 4z2(x− y)2 ,
ϕ2(t) =
3tz
r2
(2r − t)(t− z)(x− y)2. (4.4)
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We used the notation r = m2V , x = m
2
P1
, y = m2P2 , and z = m
2
ℓ . Integrating Eq. (4.3) in
case of the π+ → π0e+νe decay (usually referred to as πe3), we get a branching fraction of
(1.0041 ± 0.0021) × 10−8. The error comes from the mean π± lifetime we used to convert
the decay rate into the branching ratio and from the Vud element of the CKM matrix. The
agreement between our result and the experimental value of (1.025±0.034)×10−8 is perfect.
As it has already been mentioned, the πe3 decay is exceptional because the coupling
constant in the hadronic vertex just cancels with the gρ coming from the MD Lagrangian
(2.15) and the wρ+ parameter is exactly one, as it follows from the normalization of the
pion electromagnetic form factor. In other semileptonic decays the formulas for branching
fractions contain badly known or unknown parameters XP1P2V defined in Eq. (4.1). Some
experimental branching fractions have been explored to determine those parameters, with
resulting values shown in Table IV. Others, shown in Tab. V, provide the check of the
soundness of the MD results.
For example, the branching fraction of the decay K+ → π0e+νe is used to fix the value
of XK+π0K∗+ at (1.206 ± 0.015) × 10−2; those of K+ → π0µ+νµ, K0L → π±e∓ν¯e(νe), and
K0L → π±µ∓ν¯µ(νµ) then come as predictions of the MD. The result for electron mode
of K0L is somewhat higher than the experimental value. It may signal the presence of
isospin symmetry violating effects [37,38]. After taking the experimental value of |Vus| and
determining the coupling constant ratio g2K∗+K+π0/g
2
ρ = 0.2872±0.0051 from the ρ and K∗+
decay widths we isolate wK∗+ = 0.929 ± 0.013. The deviation of the latter from unity is
what one would expect for an SUf(3) breaking effect.
For other decay modes such a detailed analysis cannot be performed because the hadronic
coupling constants of vector meson resonances are either inaccessible for fundamental reasons
(e.g., hadronic decay is not kinematically allowed) or because the decay widths are poorly
known. We are thus left with the XP1P2V values shown in Tab. IV, without the possibility
to extract the wV parameters. But it does not hamper our ability to predict the branching
fractions of related processes P1 → P2 + P3 and P1 → P2 + V (A).
A very interesting situation is in the semileptonic decays of B-mesons. Frequent decay
modes B0 → D−ℓ+νℓ, B+ → D0ℓ+νℓ, and B0s → D−s ℓ+νℓ cannot be explained within the
MD framework without assuming the existence of a vector meson with both charm and
beauty, B∗+c . But such a meson has not yet been discovered experimentally. In order to
proceed further we simply assume that it does exist and choose its mass at 6.34 GeV/c2, as
determined by Godfrey and Isgur [39] in a relativized quark model with chromodynamics.
This value agrees with results of other potential models [40]. We will return to this question,
which is of vital importance for the MD hypothesis, in Sec. VII.
In Tab. V we also show the predictions for semileptonic decay modes with the τ lepton.5
It is natural to ask to which extent the branching ratio of the τ and light lepton modes
can discriminate among various models. Let us mention that for the B+ → π− semileptonic
decays our ratio is 0.52, while the recent estimate by Khodjamirian and Ru¨ckl [41] is 0.7–0.8.
The branching fractions are not the only outcome of the MD approach that can be com-
5The issue of applicability the MD approach to decays of heavy mesons will be addressed in
Sec. IVD.
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pared with experimental data. Any experimentally observable quantity can be calculated.
Let us consider as an example the form factors f+(t) and f−(t) of the K
+
e3 decay, which are
defined by
M = GFVus√
2
[f+(t)(p1 + p2)
µ + f−(t)(p1 − p2)µ] ℓ¯γµ(1− γ5)ν . (4.5)
Differential decay rate for arbitrary form factors is shown in Appendix B. If we now compare
Eq. 4.2 with the definition (4.5) of f+(t), we see that in the MD approach the t-dependence
of the latter is given by
f+(t) = f+(0)
m2K∗+
m2K∗+ − t
. (4.6)
The comparison with the linear parametrization used by experimentalists is shown in Fig. 8.
A faster than linear rise of the MD form factor may explain why the experimentally deter-
mined slope parameters in the Kµ3 decays are higher than those in Ke3.
Furthermore, from (4.2) we are getting the form factor ratio
f−(t)
f+(t)
= −m
2
K+ −m2π0
m2K∗+
= −0.28367± 0.00016 , (4.7)
which should be compared to the experimental value of −0.35 ± 0.15. Equations (4.6) and
(4.7) were first derived by Dennery and Primakoff [42], who saturated the dispersion relations
for the form factors by a K∗ pole.6
B. Decays of the type P1 → P2 + P3
The generic Feynman diagram of the processes we are going to consider now is shown
in Fig. 9. The parent pseudoscalar meson P1 undergoes the strong interaction conversion
into P2, one of the outgoing pseudoscalar mesons, and a charged (virtual) vector meson
V . The latter couples according to (2.15) to the W boson, which in turn converts to the
second outgoing pseudoscalar meson P3. To simplify the discussion we will consider only
positively charged V ’s, which means neutral or positively charged P1’s and, correspondingly,
negatively charged or neutral P2’s. This convention clearly shows which of the two final-state
pseudoscalar mesons is coupled to the gauge boson. Of course, we automatically handle also
the charge conjugate modes.
The mechanism considered here does not operate in all P1 → P2 + P3 transitions. It
cannot explain any of the decays into two neutral mesons. Also some charged modes cannot
run in this way. Let us take as an example D+s → K0K+. There does not exist any vector
meson that would appear together with K
0
as a result of the strong conversion of D+s . And
what accompanies K+ in such a conversion is D∗0, which cannot couple to any of the weak
gauge bosons.
6In fact, they considered two vector resonances. One of them, K∗(730), was abandoned later on.
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The partial decay width comes out from the Feynman diagram in Fig. 9 as
ΓP1→P2+P3 =
G2F
16πm31
XP1P2VZP3
(
m2P1 −m2P2
)2
λ1/2(m2P1 , m
2
P2
, m2P3) . (4.8)
Parameters XP1P2V , defined by Eq. (4.1), have already been assigned numerical values using
experimental information on some semileptonic decay modes, as shown in Table IV. Simi-
larly, the parameters ZP3 are defined by Eq. (2.20). Their values were determined from the
leptonic branching fractions of pseudoscalar mesons and are shown in Table II.
The results obtained from (4.8) for various input and output mesons were converted to
branching fractions by means of experimental lifetimes. They can be divided into three
groups. In Tab. VI we present calculated branching fractions that agree with experimental
data. Their less lucky companions are listed in Tab. VII. We defer the discussion about
possible meaning of discrepancies between our results and empirical values to Sec. VII.
The last group, shown in Tab. VIII, comprises the branching fractions that have not been
measured yet. When the experimental information becomes more complete some of the
modes listed there may fall into the first category, some into the second one.
C. Decays of the type P1 → P2 + V (A)
Keeping in mind our convention about charges of the parent pseudoscalar mesons, the
flavor-changing decays we are going to analyze now can proceed in the lowest order of the
MD approach only through the diagram depicted in Fig. 10. Because the vector (V ) and
axial-vector (A) mesons couple to the charged gauge bosons in the same way, we can study
the two modes, one with an outgoing vector meson, the other with an outgoing axial-vector
meson, simultaneously. We will label either of those two mesons as M , freeing the index V
for the intermediate vector meson that connects the hadronic vertex with W+. The partial
decay width summed over the spin projections of M reads
ΓP1→P2+M =
G2Fm
2
MXP1P2V YM
8πg2ρm
3
P1
(
m2V
m2V −m2M
)2
λ3/2(m2P1 , m
2
P2
, m2M) . (4.9)
The branching fractions calculated from (4.9) and mean life times of the parent mesons
(D+, D0, D+s , B
+, and B0) are shown in Tables IX and X together with experimental
values. The former table lists the decay modes for which the MD results do not contradict
the experiment. As most of the empirical values are given only as upper bounds at present,
some modes may move in future to Table X, which contain the MD results that disagree
with the data.
D. Meson dominance and decays of heavy mesons
The decays rates of heavy mesons containing a heavy quark and a light antiquark, or
vice versa, are usually calculated using the heavy quark effective theory [43]. The careful
reader has probably noticed when inspecting Tables V-X that we used the MD formulas to
calculate also the decay fractions of the heavy mesons D, Ds, B, and Bs. It seems to go
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against the spirit of the MD, as it has been declared in Sec. II, because the energies in the
parent rest frame of the outgoing particles are large. But, as we will argue, the use of MD
for calculating the branching ratios of different light meson modes is well justified.
In fact, what matters is the virtuality (four-momentum squared) flowing through the
junction where a meson and the weak gauge boson meet. Let’s speak, for definiteness,
about the decay of B0 into D− and a light meson M+ (where now M can be P , V , or A),
which is supposedly dominated by the B∗+c . See Figs. 9 and 10. Because the meson M
+ is
on the mass shell, the virtuality in the W+M+ junction is equal to the mass of M squared,
i.e., it is same as in the definitions of the weak effective Lagrangians in Sec. II. The story at
the opposite end of the W+ line, in the B∗+c W
+ junction, is different. Here, the virtuality is
far from the B∗+c mass squared, and the coupling parameter may be different from the wB∗+c ,
which is defined for the on-shell B∗+c . Similar changes may occur in the strong B
0D−B∗+c
vertex, where again the dependence on the virtualities of participating mesons cannot be
ruled out. The absolute predictions of the decay rates may thus be unreliable. But we
cannot make the absolute predictions anyhow because we know neither wB∗+c nor gB0D−B∗+c ,
which combine into XB0D−B∗+c , see Eqs. (2.16) and (4.1). We can only calculate the ratios
of decay rates for different mesons M+. When these mesons are light, the differences among
the virtualities in the W+B∗+c junction will be small in comparison with the mass of the
B∗+c meson. The virtuality modified coefficients XB0D−B∗+c will have approximately the same
value and will simply cancel out when a ratio of the decay rates is calculated. The same
happens when a light meson mode is compared to the ℓ+νℓ one.
To push things to the edge we calculated the branching ratios of various decay modes
of the Bc meson, containing both heavy valence quark and antiquark. This meson has not
been discovered yet, but reliable calculations of its mass and other properties exist in the
literature, see, e.g., [39,40]. Also the prospects of its impending discovery are bright, see [44]
and references therein. Following Godfrey and Isgur [39] we used in our calculations the Bc
mass of 6.27 GeV/c2. The results of the MD approach are compared to the predictions of
some existing more fundamental models in Table XI.
E. Meson-electron induced binary reactions
Let us consider the following weak-interaction binary reactions of projectile mesons inci-
dent on target electrons: π+e− → π0νe, K+e− → π0νe, π+e− → K0νe, and K+e− → K0νe.
First two of them are exoenergetic, whereas the laboratory kinetic energy thresholds for the
remaining two are 223.1 GeV and 3.381 GeV, respectively. As a consequence of the special
kinematics (electron as a target), the reactions remain in the low center-of-mass energy range
(s, |t| < 1 GeV2) even for the highest meson beam energies available. With view toward
successful description of the semileptonic decays of pion and kaons, we believe that the MD
approach is suitable also for calculating the cross sections of the low-energy reactions that
are related to those decays by crossing symmetry. The corresponding Feynman diagram is
depicted in Fig. 11. To make the differential cross section formula concise, we introduced
x = m2P1, y = m
2
e, z = m
2
P2
, and r = m2V . The formula then reads
dσP1e→P2ν
dt
=
G2FXP1P2V (h¯c)
2
8πλ(s, x, y)
(
r
r − t
)2 [
φ1(s, t) +
x− z
r2
φ2(s, t)
]
(4.10)
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with
φ1(s, t) = 4s(s− x− y − z) + 4xz + y2 + (4s− y)t
φ2(s, t) = 2ry(2s+ t− y − 2z) + y(x− z)(y − t) .
Total cross section as a function of the kinetic energy of incident meson for the four meson-
electron reactions mentioned above were obtained by numerical integration and are shown
in Fig. 12.
F. Antineutrino-electron induced mesonic reactions
The electron antineutrino energies required for meson-pair production off target electrons
are very high. We show four most favorable final states with the threshold antineutrino
energies in parentheses: π−π0 (73.8 GeV), K−π0 (387 GeV), K
0
π− (398 GeV), and K−K0
(962 GeV). Also the fact that the electron antineutrinos are less copious than the muon
ones by a factor of 10−4 in the high energy antineutrino beams, produced by the π−ℓ2 decays,
makes the experimental observation of this kind of reaction tricky. On the other hand, as
the cms energy of the two-meson system remains small, the transverse momenta of outgoing
mesons will also be small. The reaction products will thus be concentrated in a very narrow
cone in the laboratory system polar angle with relatively small energy spread. This, and
also the negative total charge, may help to identify this kind of reactions. The evaluation of
the total cross section that corresponds to the Feynman diagram in Fig. 13 gives the result
σν¯e+e−→P1+P2 =
G2F (h¯c)
2XP1P2V
24πr2s3(s− y)2 |F (s)|
2 λ1/2(s, x, z)
×
[
2r2s3λ(s, x, z) + 2r2y2(2y − 3s)(x− z)2 + r2sy(3s2 − y2)
× (2x+ 2z − s) + 3sy(x− z)2(s− y)2(s− 2r)
]
, (4.11)
where x = m2P1 , y = m
2
e, z = m
2
P2
, r = m2V , and
|F (s)|2 = m
4
V
(s−m2V )2 +m2V Γ2V
. (4.12)
For channels with the ρ resonance in the s-channel we replaced function (4.12) by the form
factor taken from Ref. [14], in which the experimental data on e+e− → π+π− were fit with
a formula exhibiting the correct analytic behaviour. In this way we have accounted for a
possible contribution from higher ρ recurrences. For reactions with a πK system in the final
state, which go through the K∗ resonance in the s-channel, we do not have such a possibility.
The single-pole formula (4.12) with energy dependent K∗ width was used. The dependence
of the total cross section on the incident antineutrino energy for all four final states is shown
in Fig. 14.
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V. MESON DOMINANCE AND NEUTRAL FLAVOR CHANGING DECAY
MODES
The processes we are going to deal with now are usually classified [7] as flavor changing
(∆S = 1, ∆C = 1) weak neutral current decay modes. This label is a little misleading for
some of them, e.g.,K+ → π+ℓ+ℓ−. In the calculations based on the standard model the latter
is described in terms of diagrams that almost all contain [45] the charged gauge boson W±,
i.e., the charged weak current. Also in the MD approach we will calculate branching fractions
of this and similar decay modes using the diagrams where charged mesons are attached to
the charged weak gauge bosons. Only in a part of this class of processes (K+ → π+ν¯ν, for
example) the genuine weak neutral current operates in conjunction with the charged one,
which can only change the flavor.
We start with considering the decay mode K+ → π+ℓ+ℓ−, which was investigated the-
oretically already before its discovery in 1975 [46]. References to this early period can be
found in [45]. Later works include [47–49] and references therein. Present theoretical un-
derstanding of this decay in the framework of chiral perturbation theory has recently been
summarized in [50,51]. The theoretical prediction based on [47] contains one unknown pa-
rameter. When extracting it from the experimental branching fraction of the dilectron mode,
a two-fold ambiguity remained. It was resolved by choosing the solution that fit the e+e−
mass spectrum [52] better. Then the prediction for the µ+µ− mode can be made.
In the MD approach we will describe the decay K+ → π+ℓ+ℓ− by the diagram sketched
in Fig. 15, forgetting for a while about other possible diagrams. In order to evaluate the
corresponding decay rate we assume that the interaction among the a1, ρ, and π mesons is
governed by the Lagrangian density
La1ρπ = i ga1ρπ
∑
i,j,k
Ci;j,k V
†
jαβ ∂
αϕ†k A
β
i (5.1)
with
Vjαβ = ∂αVjβ − ∂βVjα (5.2)
being the vector field strength tensor. Symbols Ai, Vj, and ϕk denote the field operators for
a1, ρ, and π mesons, respectively. Italic indices label various charge states of a particular
meson and Ci;j,k is the SU(2) Clebsch-Gordan coefficient. The a1 → ρπ decay width comes
from (5.1) as
Γa1→ρ+π =
g2a1ρπ
96πm3a1
λ1/2(x, y, z)
[
(x− y − z)2 + y
2x
(x− y + z)2
]
, (5.3)
where x = m2a1 , y = m
2
ρ, and z = m
2
π. Substituting the experimental value of Γa1 ≈ 400 MeV
into Eq. (5.3) we get g2a1ρπ ≈ 260 GeV−2.
A straightforward evaluation of the diagram depicted in Fig. 15 leads to the following
formula for the differential width in the ℓ+ℓ− mass M
dΓK+→π+ℓ+ℓ−
dM
=
(GFga1ρπα)
2
48πg4ρm
3
K+
Ya+
1
ZK+
×λ3/2(m2K+ , m2π+,M2)
√
M2 − 4m2ℓ
(
1 +
2m2ℓ
M2
)(
m2ρ
m2ρ −M2
)2
. (5.4)
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Besides ga1ρπ there are two other nontrivial parameters entering formula (5.4), Ya+
1
and ZK+.
Their values can be found in Tables I and II, respectively. When we integrate (5.4) over
the full range of dielectron masses and use the experimental value of the K+ lifetime, we
get the branching fraction B(K+ → π+e+e−) ≈ 3.1 × 10−7. The experimental value is
(2.74± 0.23)× 10−7. The uncertainty of our result comes from the a1ρπ coupling constant,
which is given by the poorly known (and understood) width of the a1 meson. But this
uncertainty disappears when we calculate the branching ratio of the µ+µ− and e+e− modes,
which is a function only of the masses of participating particles. In Table XII we show
therefore the branching fraction of theK+ → π+µ+µ− mode normalized by the experimental
value of the dielectron one.
As we have already indicated, there are other MD diagrams that can contribute to the
amplitude of K+ → π+ℓ+ℓ− decay mode. First of all, it might be a diagram obtained from
that in Fig. 15 by substitutions a+1 → ρ+ and ρ0 → ω, φ. But it vanishes identically as a
consequence of the presence of the totally antisymmetric Levi-Civitta tensor in the hadronic
vertex together with the pion momentum in the W+π+ junction.
Then we have diagrams that contain only pseudoscalar mesons. They are generated
by taking the basic diagram in which K+ converts to π+ via W+ and attaching a virtual
photon alternatively to all possible lines. It can be shown that the sum of those diagrams is
vanishing. To simplify the discussion we will show it here in the limit of an infinitely heavy
W boson. In this limit we can introduce the following effective Lagrangian for the weak
interaction between pions and kaons:
LπK = −GF√
2
fπVudfKVus∂
µϕπ∂µϕ
†
K + h.c. . (5.5)
After switching on the electromagnetic interaction by the minimal substitution principle,
we are getting not only the usual terms describing the emission of a photon from the pion
and kaon lines, but also contact terms generated from (5.5). The one-photon part of the
electromagnetic interaction Lagrangian thus reads
Lγ = ieaµ
[
ϕ†π∂
µϕπ + ϕ
†
K∂
µϕK − GF√
2
fπVudfKVus
(
ϕ†π∂
µϕK + ϕ
†
K∂
µϕπ
)]
, (5.6)
where aµ denotes the electromagnetic field operator. Now it is easy to check that the
matrix element for the photon production (both real or virtual) calculated as the sum of
the emission from kaon line, emission from pion line, and the contact term, see Fig. 16, is
identically zero. It is a consequence of our treating pions and kaons as elementary quanta. In
[45] this kind of contribution was calculated assuming nontrivial electromagnetic structure
of the participating mesons. The result is proportional to the difference between kaon and
pion electromagnetic radii squared.
The last two diagrams conceivable in the lowest order of MD are illustrated in Fig. 17.
The matrix element with the K∗+ in the intermediate state vanishes identically. The contri-
bution from K+1 is nonvanishing but small. This can be seen from the following: When we
consider this part of the transition amplitude separately, ignoring the contribution from the
a1 diagram (Fig. 5.4), the resulting branching fraction of K
+ → π+e+e− can be expressed
in terms of the decay width of K+1 → K+γ. To get the correct experimental number for the
former, the latter had to be unrealistically high, about 40%.
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To complete our discussion about the K+ → π+e+e− mode let us stress that in the
MD approach we have gotten a parameter-free description of its decay rate, dominated by
the a1 diagram in Fig. 15. Other meson diagrams give smaller contributions. Nevertheless,
they will have to be taken into account when a more detailed comparison with the next
generation of more precise data is made. Our result suggests that in any approach based
on the standard model it is important to consider the diagram depicted in Fig. 18a. It
represents a seed for the class of diagrams, like the one shown in Fig. 18b, into which it
develops after QCD corrections are included. This class corresponds to the most important
meson diagram, Fig. 15.
Finally, it has to be stressed that the successful description of the decay K+ → π+e+e−
was possible because the short-distance part of the amplitude, which contains contributions
from the electromagnetic penguin s→ d+ γ∗, the Z0 penguin s→ d+ Z0∗, and the W box
diagram, is about three orders of magnitude smaller than the long-distance part [6].
To get an estimate of the branching fraction of the transition of charmed pseudoscalar
mesons D+ and D+s to a dilepton and a pion we will again use Eq. (5.4) with obvious
modifications. The results shown in Table XII should really be considered as an order-of-
magnitude estimate because (i) the a1 in Fig. 5.4 is very far from its mass-shell and its
coupling to W may differ from that assumed in (2.15); (ii) also higher charged pseudoscalar
[for example, π(1300)] or tensor [a2(1320)] resonances that couple to the ρπ, ωπ, or φπ
system can appear in the intermediate state. But it is highly improbable that the observed
branching fractions will be dramatically lower than those shown in Table XII as a result
of destructive interference. In fact, the matrix element now is not a mere number, but a
function of the dilepton mass and the angle between the dilepton and pion. A substantial
cancellation would require the same functional dependence of different contributions.
In spite of all the crudeness of our estimates we can say that the MD approach predicts
the branching fraction of D+ → π+ℓ+ℓ− that is at least by an order of magnitude higher
than the prediction of a standard model calculation [53]. But even the MD prediction is
about two orders of magnitude below the present-day experimental limit. The same is true
for the MD prediction in the Ds → π+ℓ+ℓ− case.
To check the applicability of the MD approach to neutral current processes mediated by
the neutral gauge boson Z we calculated the long-distance contribution to the CP conserving
decay K+ → π+ν¯ν. In the MD approach it proceeds mainly according to diagram displayed
in Fig. 19. Its differential partial width is given by
dΓK+→π+ν¯ν
dt
=
G4Fg
2
a1ρπYa+1
ZK+
3g4ρ(8πmK+)
3
(1− 2 sin2 θW )2 t2 λ3/2(m2K+, m2π+ , t)
(
m2ρ
m2ρ − t
)2
, (5.7)
where t = (pK − pπ)2 is the four-momentum transfer squared, or, equivalently, the mass
of the ν¯ν system. The integrated branching fraction (7.9 ± 0.6) × 10−18 does not have
any observational value. From the theoretical point of view it is interesting and perhaps
surprising that our value is practically equal to the recent estimate 7.71 × 10−18 (error not
given) [54] obtained from the finite part of the one-loop amplitude in the chiral perturbation
theory.
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VI. RELATION BETWEEN THE CONSERVED VECTOR CURRENT AND
MESON DOMINANCE HYPOTHESES
The conserved vector current (CVC) hypothesis is a useful concept in the weak inter-
action phenomenology. From a pragmatic point of view it enables the decay rate of some
flavor conserving weak processes to be related to the data on hadron production in e+e−
annihilation [26,21,55,56]. It is therefore natural to ask what is the relation between MD and
CVC, which of the two approaches is more general, and which has more predictive power.
It is evident that MD can be applied also to processes during which the flavor of the
hadronic system changes, whereas the CVC cannot be. Let us therefore consider only the
flavor conserving processes with the weak vector current. At first sight it seems that MD
in weak interactions is a straightforward consequence of CVC hypothesis and ρ0 dominance
in electromagnetic interactions. If it were true, the two concepts would lead to the same
results in the region where their domains of validity overlap.
A typical process of this type is the πe3 decay π
+ → π0e+νe. We have shown that one
can get good agreement with the data by calculating its branching fraction from the MD
Lagrangian (2.15) without any further assumption. It has also been claimed for a long time
(see, e.g., [26,27]) that the agreement of the CVC result with experiment is perfect and lends
strongest support to the CVC hypothesis. To examine this assertion let us sketch briefly
the central point of the CVC derivation.
From general principles it follows that the matrix element for the πe3 decay has the form
(4.5). The continuity equation for the conserved weak vector current requires
(p1 − p2)µ [(p1 + p2)µf+(t) + (p1 − p2)µf−(t)] = 0 , (6.1)
what leads to the relation
f−(t) = −m
2
π+ −m2π0
t
f+(t) . (6.2)
Because t is the mass squared of the ℓν system, it cannot vanish. In the limit of exact isospin
symmetry we have mπ+ = mπ0 and therefore
f−(t) ≡ 0 . (6.3)
The usual CVC result for the πe3 branching fraction is obtained by assuming that the identity
(6.3) holds also when isospin symmetry is broken. The other assumptions state that the
function f+(t) can be replaced by a constant in the small t range allowed kinematically in
the πe3 decay and that the relations among different components of the electroweak isovector
vector current remain same as in the case of exact isospin symmetry. The final formula can
be found in Ref. [27].7 Although different from the MD formula, after numerical evaluation
it gives practically identical value, which agrees with the experimental branching ratio very
well (see Table V).
7In Ref. [26] additional approximations were made, which lowered the result by 2.5σ. Equa-
tion (7.15) in [27] contains an obvious misprint: π5 should be read as π3.
24
But let us look at the CVC procedure described above a little more closely. The assump-
tion that relation (6.3) is valid also when isospin symmetry is broken violates the relation
(6.1). So the usual CVC result is, in fact, obtained not by assuming the conservation of the
vector current, but rather assuming a special type of its nonconservation, namely such that
results in Eq. (6.3).
If we strictly enforce the conservation of the vector current by honoring Eq. (6.2), which
follows from it, we obtain8 the πe3 branching fraction of (0.8872 ± 0.0019) × 10−8, which
disagrees with the contemporary experimental value (1.025± 0.034)× 10−8.
To conclude: We found a process for which the CVC hypothesis and MD give different
results. Meson dominance in the flavor conserving vector current sector thus represents a
dynamic assumption that is different from what would be obtained by merging the CVC
hypothesis with the VMD in electromagnetic interactions. The case of the πe3 decay suggests
that MD is better suited for description of the processes in which the isospin invariance is
broken.
VII. CONCLUSIONS AND COMMENTS
The hypothesis that the weak interaction of hadronic systems at low energies is dom-
inated by the coupling of the vector, axial-vector, and pseudoscalar mesons to the gauge
bosons has been scrutinized. The strength of the weak coupling of the ρ(770) meson is
uniquely determined by vector-meson dominance in electromagnetic interactions; flavor and
chiral symmetry breaking effects modify the coupling of other vector mesons and axial-vector
mesons. Corresponding strengths parameter and their products with (mostly unknown)
strong interaction coupling constants constitute the free parameters of our approach. They
are fixed by experimental data on the branching fractions of the selected decay modes of the
τ lepton and semileptonic decay modes of pseudoscalar mesons. Some hadronic coupling
constants were determined from the widths of strong and radiative decays.
After fixing the parameters, many decay rates of the τ lepton and pseudoscalar mesons
(π, K, D, Ds, B, and Bs) have been calculated and compared to experimental data. They
fall into three categories:
• Decay modes where the calculated result is in good agreement with observation. One
can expect that these modes, when calculated in the framework of the standard model,
are dominated by the weak quark-antiquark annihilation and creation diagrams. The
nicest example in this category is the semileptonic decay π+ → π0e+νe. The calculated
branching fraction is (1.0041±0.0021)×10−8, while experiment says (1.025±0.034)×
10−8. Many nonleptonic decays are also well described. For example, D+ → π0π+,
D+s → ηπ+, B+ → D¯0D+s , B0 → D−ρ+. Also the branching fraction of a quite
complex mode τ− → ηπ−π0ντ agrees nicely with the experimental figure. So does that
of the “neutral current flavor changing” mode K+ → π+e+e−.
8 For the differential decay rate formula see Appendix B.
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• Decay modes where the calculation disagrees with experimental data. Here the stan-
dard model diagrams that do not have an analogy in the meson dominance approach
(W emission or absorption from a quark line, penguin diagrams, box diagrams, etc.)
are expected to dominate. The two pion decays of the K mesons are a typical example.
• Decay modes that have not been measured yet. Some meson-dominance predictions:
B[K0L → K±e∓ν¯e(νe)] = (3.4 ± 0.6) × 10−9, B(B0 → π−τ+ντ ) = (9.4 ± 3.1) × 10−5,
B(B0s → D−s τ+ντ ) = (1.9 ± 0.6)%, B(D+s → η′K+) = (1.3 ± 0.5) × 10−3, B(K+ →
π+µ+µ−) = (6.2± 0.5)× 10−8.
An upper limit on the presence of the second-class vector current was obtained using
the experimental limit on the τ− → π−ηντ branching fraction. In terms of the scalar decay
constant of the a−0 meson it reads fa−
0
< 7 MeV. The upper bound is about twenty times
smaller that the decay constant of the π+ meson.
What comes as a surprise is the ability of the MD approach to provide a parameter-
free description of the flavor changing ∆Q = 0 process K+ → π+e+e−. Also the MD tree
diagram calculation of the long-distance part of the flavor changing neutral current decay
K+ → π+νν¯ gives the same result as a one-loop evaluation in the chiral perturbation theory
with certain prescription for handling the divergent part.
The cross sections of several not yet observed reactions of pions, kaons, and electron
antineutrinos with target electrons come as predictions of the meson dominance approach.
These include, e.g., π+e− → π0νe, K+e− → π0νe, ν¯ee− → π−π0.
The transitions B → D¯ and Bs → D−s where the final state meson is accompanied by an
ℓ+νℓ system, or a positively charged pseudoscalar, vector, or axial-vector meson cannot be
explained within the MD approach without assuming the existence of the as yet unobserved
vector meson B∗+c . The results of MD calculations depend on its mass. We used the value
obtained from the potential models [39,40]. The question arises whether it would not be
possible to determine the B∗+c mass from the experimental branching ratios of various decay
modes using the MD formulas. In order to answer this question we increased the B∗+c mass
by 0.5 GeV and recalculated the branching fractions. The biggest decrease was experienced
by semileptonic decay modes. But even here it was only by 3.3%. It makes any effort to
predict the B∗+c mass using the MD approach unrealistic. Prospects of producing the B
∗+
c
mesons were assessed already in early papers, e.g., [39,40]. The present state of art can be
found in [44] and in references therein. There is a hope that an observable number of Bc
and B∗c events can be produced at LEP and at Tevatron.
On the theoretical side, the relation between the meson dominance and the conserved
vector current hypothesis has been clarified.
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APPENDIX A: DETERMINING THE V V P COUPLING CONSTANTS FROM
DATA ON STRONG AND RADIATIVE DECAYS
If the decay V1 → V2 + P is energetically allowed, the V1V2P coupling constant can
be determined from its empirical decay rate. Using Lagrangian (3.9) we easily derive the
formula
ΓV1→V2+P =
g2V1V2P
96πm3V1
λ3/2(m2V1 , m
2
V2 , m
2
P ) . (A1)
Triangle function λ is defined by Eq. (3.6). The experimentally given branching fraction of
φ → ρπ includes three different final states, which would be equally probable if the isospin
symmetry was exact. If we assume that the latter is violated only through mass differences,
we obtain g2φρ+π− = (1.17± 0.07) GeV−2.
To get the expression for the rate of radiative decay V1 → γ+P we only need to replace
V2 by γ.
ΓV1→γ+P =
g2V1γP
96πm3V1
(m2V1 −m2P )3 . (A2)
VMD in electromagnetic interactions enables to express the gV1γP coupling constant by
means of the hadronic ones. For radiative decay ω → γπ0 the situation is simple because
only ρ0 can couple to the ωπ0 system. Using (1.1) we can write
g2ωγπ0 =
4πα
g2ρ
g2ωρ0π0
and calculate (
gωρ0π0
gρ
)2
=
24m3ω
α (m2ω −m2π0)3
Γω→γπ0 = (5.40± 0.32)GeV−2 (A3)
The radiative decay ρ0 → ηγ can proceed only via the strong ρ0ηρ0 vertex because
the isospin conservation prevents coupling of the ρ0η system to either ω or φ. Another
consequence of the isoscalar character of the η meson is that the quantity
(
gρηρ
gρ
)2
=
24m3ρ
α
(
m2ρ −m2η
)3Γρ0→ηγ = (15.1± 2.8)GeV−2 (A4)
has the same value for all charge states of ρ.
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The case of K∗ radiative decays is most complicated because the resulting amplitude
is given as a coherent sum of three amplitudes with γ coupled to ρ, ω, and φ. In spite
of this complication we can determine the K∗Kρ coupling constants because the ω and φ
contributions to K∗+ → K+γ are equal to those to K∗0 → K0γ, whereas the ρ0 contribution
changes sign. We are thus getting the set of equations
(x+ y)2 = a+
(−x+ y)2 = a0 ,
where x = gK∗+K+ρ0/gρ, y stands for the expression that contains only isoscalar coupling
constants, and
ac =
24m3K∗c
α (m2K∗c −m2Kc)3
ΓK∗c→Kc+γ
for c = +, 0, Using the relation g2K∗+K0ρ+ = 2g
2
K∗+K+ρ0 , which follows from isospin invariance,
we eventually get two values of (gK∗+K0ρ+/gρ)
2 that are compatible with experimental data
on radiative K∗ decays, namely 2.21± 0.14 GeV−2 and (9.2± 2.9)× 10−2 GeV−2.
APPENDIX B: DECAY P1 → P2 + ℓ+νℓ: GENERAL FORM FACTORS
The general form of the matrix element is
M = C [f+(t)(p1 + p2)µ + f−(t)(p1 − p2)µ] ℓ¯γµ(1 − γ5)ν ,
where p1 (p2) is the four-momentum of the incoming (outgoing) pseudoscalar meson and
t = (p1−p2)2 is the mass squared of the lepton system. Using (3.3) and integrating over the
solid angle in the ℓ+νℓ rest frame we get the following expression for the differential decay
rate:
dΓP1→P2ℓ+νℓ
dt
=
|C|2
3(4πmP1)
3
t−m2ℓ
t3
λ1/2(m2P1 , m
2
P2
, t)
{
ϕ1(t)|f+(t)|2
+6zt(x− y)(t− z)Re[f ∗+(t)f−(t)] + 3zt2(t− z)|f−(t)|2
}
. (B1)
Function ϕ1(t) is defined in Eq. (4.4). Also the meaning of other symbols is same as in
Sec. IVA: x = m2P1 , y = m
2
P2
, z = m2ℓ .
To get the total rate of π+ → π0e+νe that follows from the requirement of exact con-
servation of the vector current, see Section VI, we need to integrate (B1) with C = GFVud,
f+(t) = 1, and f−(t) = −(x− y)/t.
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TABLES
TABLE I. Parameters YV and YA, defined by Eq. (2.16) and characterizing the coupling of
vector and axial-vector mesons to the charged gauge bosons, their sources, and values of parameters
w extracted from them.
V, A YV , YA wV , wA Source
ρ+ 0.9479 ± 0.0019 1 |Vud|2
K∗+ (4.20 ± 0.09) × 10−2 0.929 ± 0.013 K+ → π0e+νe, K∗ → Kπ
D∗+s 0.7 ± 0.5 0.83 ± 0.33 B0 → D−D∗+s
a+1 0.6134 ± 0.0032 0.8044 ± 0.0023 τ− → a−1 ντ
K+1 (3.4± 1.7) × 10−2 0.84 ± 0.21 τ− → K−1 ντ
TABLE II. Parameters ZP characterizing the coupling of pseudoscalar mesons to the charged
gauge boson and their sources. For definition, see Eq. (2.20).
P ZP (GeV
2) Source
π+ (1.6419 ± 0.0010) × 10−2 π+ → µ+νµ + µ+νµγ
K+ (1.247 ± 0.004) × 10−3 K+ → µ+νµ + µ+νµγ
D+ (2.2 ± 0.5) × 10−3 fD+ from [15], |Vcd| from [7]
D+s (1.1 ± 0.5) × 10−1 D+s → µ+νµ
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TABLE III. Branching fractions of the τ lepton calculated in the MD approach and comparison
with experimental data. Column C shows the meson coupled to the weak gauge boson.
Final state C Meson Dominance result Data Notes
π−ντ π
− (10.91 ± 0.06)% (11.31 ± 0.15)%
K−ντ K
− (7.13 ± 0.04) × 10−3 (7.1 ± 0.5) × 10−3
π−π0ντ ρ
− (24.4 ± 0.4)% (25.24 ± 0.16)% (a)
K−K0ντ ρ
− (1.55 ± 0.28) × 10−3 (b)
π−ω ντ ρ
− (1.22 ± 0.56)% (1.84 ± 0.05 ± 0.14)% (c,d)
π−φ ντ ρ
− (1.20 ± 0.48) × 10−5 < 3.5 × 10−4 (c)
η π−π0ντ ρ
− (1.79 ± 0.33) × 10−3 (1.71 ± 0.28) × 10−3 (a)
K∗(892)−ντ K
∗− (1.06 ± 0.03)% (1.28 ± 0.08)% (e)
a−1 ντ a
−
1 (18.11 ± 0.37)% (d,e,f)
K1(1400)
−ντ K
−
1 (8± 4)× 10−3 (e,g)
η π−ντ a
−
0 < 1.4 × 10−4 (h)
(a) The normalization is determined by the VMD in QED. (b) Used to fix Xρ−K−K0 =
0.64± 0.12, which differs from what one would get from the SUf(4) coupling constant ratio
by about 20%. (c) Calculation by Castro and Falco´n [31]. (d) Experimental value taken
from [32]. (e) MD calculation in the narrow width approximation. (f) Used to fix Ya1 . (g)
Used to fix YK1. (h) Coupling of the π
−η system to π−, ρ−, or a−1 is forbidden by the strong
interaction and spin-parity conservation laws. This mode put a limit on the a−0 (980) decay
constant fa−
0
< 7 MeV.
TABLE IV. Parameters XP1P2V , defined by Eq. (4.1): Numerical values and their sources.
P1 P2 V XP1P2V Source Notes
π+ π0 ρ+ (0.9479 ± 0.0020) |Vud|2
K+ π0 K∗+ (1.206 ± 0.015) × 10−2 K+ → π0e+ν
K0 π− K∗+ (2.412 ± 0.030) × 10−2 2×XK+π0K∗+
D+ π0 D∗+ (8.9 ± 3.4) × 10−3 D+ → π0ℓ+ν
D0 π− D∗+ (1.8 ± 0.7) × 10−3 2×XD+π0D∗+
D+ K
0
D∗+s 0.263 ± 0.015 = XD0K−D∗+s
D0 K− D∗+s 0.263 ± 0.015 D0 → K−µ+ν
D+s η D
∗+
s 0.139 ± 0.039 D+s → ηℓ+ν
D+s η
′ D∗+s 0.18± 0.07 D+s → η′ℓ+ν
B+ π0 B∗+ (4.3 ± 1.4) × 10−7 = XB+π−B∗+/2
B0 π− B∗+ (8.5 ± 2.8) × 10−7 B¯0 → π−ℓ+ν¯ℓ
B+ D
0
B∗+c (3.5 ± 0.9) × 10−4 B0 → D−ℓ+ν (a)
B0 D− B∗+c (3.5 ± 0.9) × 10−4 = XB+D−B∗+c (a)
B0s D
−
s B
∗+
c (1.3 ± 0.4) × 10−3 B0s → D−s ℓ+ν (a)
K
0
K− ρ+ (0.64 ± 0.12) τ− → K−K0ντ
(a) Existence of B∗+c with a mass of 6.34 GeV/c
2 assumed.
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TABLE V. Branching fractions of semileptonic P1 → P2 transitions calculated in the MD
approach and comparison with experimental data. Column C shows the meson coupled to the
weak gauge boson.
Decay mode C MD result Data Notes
π+ → π0e+νe ρ+ (1.0041 ± 0.0021) × 10−8 (1.025 ± 0.034) × 10−8 (a)
K0L → K±e∓ν¯e(νe) ρ∓ (3.4 ± 0.6) × 10−9 (b,c,d)
K+ → π0e+νe K∗+ (4.82 ± 0.06)% (e)
K+ → π0µ+νµ K∗+ (3.10 ± 0.04)% (3.18 ± 0.08)%
K0L → π±e∓ν¯e(νe) K∗∓ (40.7 ± 0.5)% (38.78 ± 0.27)% (c)
K0L → π±µ∓ν¯µ(νµ) K∗∓ (26.18 ± 0.33)% (27.17 ± 0.25)% (c)
K0S → π±e∓ν¯e(νe) K∗∓ (7.03 ± 0.12) × 10−4 (6.70 ± 0.07) × 10−4 (c,f)
K0S → π±µ∓ν¯µ(νµ) K∗∓ (4.52 ± 0.08) × 10−4 (4.69 ± 0.06) × 10−4 (c,f)
D+ → π0ℓ+νℓ D∗+ (5.7 ± 2.2) × 10−3 (e,g)
D0 → π−ℓ+νℓ D∗+ (4.4 ± 1.7) × 10−3 (3.8+1.2−1.0)× 10−3 (g)
D0 → K−µ+νµ D∗+s (3.23 ± 0.19)% (e)
D0 → K−e+νe D∗+s (3.33 ± 0.20)% (3.64 ± 0.20)%
D+ → K0µ+νµ D∗+s (8.3± 0.5)% (7.0+3.0−2.0)%
D+ → K0e+νe D∗+s (8.6± 0.5)% (6.6 ± 0.9)%
D+s → ηℓ+νℓ D∗+s (2.5 ± 0.7)% (e,g)
D+s → η′ℓ+νℓ D∗+s (8.7 ± 3.4) × 10−3 (e,g)
B+ → π0e+νe B∗+ (9.4 ± 3.1) × 10−5 < 2.2 × 10−3
B+ → π0τ+ντ B∗+ (4.9 ± 1.6) × 10−5 (b)
B0 → π−ℓ+νℓ B∗+ (1.8 ± 0.6) × 10−4 (g,h)
B0 → π−τ+ντ B∗+ (9.4 ± 3.1) × 10−5 (b)
B0 → D−ℓ+νℓ B∗+c (1.9 ± 0.5)% (e,g,i)
B0 → D−τ+ντ B∗+c (4.7 ± 1.2) × 10−3 (b,i)
B+ → D0ℓ+νℓ B∗+c (2.0± 0.5)% (1.6 ± 0.7)% (g,i)
B+ → D0τ+ντ B∗+c (4.9 ± 1.3) × 10−3 (b,i)
B0s → D−s ℓ+νℓ B∗+c (7.6 ± 2.4)% (e,g,i)
B0s → D−s τ+ντ B∗+c (1.9± 0.6)% (b,i)
(a) Using |Vud| = 0.9736 ± 0.0010. (b) Not measured yet. (c) The sum of the charge
states indicated. (d) Hadronic coupling constant fixed by τ− → K−K0ντ . (e) Used to fix
normalization. (f) Experimental value was calculated from K0L semileptonic rate and the
K0S lifetime assuming ∆S = ∆Q [7]. (g) Average of the e
+ and µ+ branching fractions.
(h) Used to determine XB0π−B∗+ . The experimental value is (1.8 ± 0.4 ± 0.3 ± 0.2)× 10−4
[57], where errors are statistical, systematic, end estimated model dependence. We took the
liberty of summing the errors quadratically. (i) The existence of B∗+c assumed with a mass
of 6.34 GeV/c2.
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TABLE VI. Branching fractions of the P1 → P2 + P3 decay modes in the tree level of MD and
comparison with experimental data. Column C shows the meson coupled to the W+ boson. Only
results that do not contradict existing data are listed.
Decay mode C Meson dominance result Data Notes
D+ → π0π+ D∗+ (4.0± 1.6) × 10−3 (2.5 ± 0.7) × 10−3
D0 → π−K+ D∗+ (2.2± 0.9) × 10−4 (2.9 ± 1.4) × 10−4 (a)
D+ → K0K+ D∗+s (6.8± 0.4) × 10−3 (7.2 ± 1.2) × 10−3
D0 → K−π+ D∗+s (3.8 ± 0.2)% (3.83 ± 0.12)%
D+s → ηπ+ D∗+s (2.6 ± 0.7)% (2.0 ± 0.6)%
B+ → π0π+ B∗+ (6.8± 2.3) × 10−6 < 1.7 × 10−5
B+ → π0K+ B∗+ (5.1± 1.7) × 10−7 < 1.4 × 10−5 (a)
B+ → π0D+s B∗+ (3.8± 2.1) × 10−5 < 2.0 × 10−4
B0 → π−π+ B∗+ (1.3± 0.4) × 10−5 < 2.0 × 10−5
B0 → π−K+ B∗+ (9.9± 3.3) × 10−7 < 1.7 × 10−5 (a)
B0 → π−D+s B∗+ (7.4± 4.1) × 10−5 < 2.8 × 10−4
B+ → D0D+s B∗+c (1.9 ± 1.0)% (1.7 ± 0.6)% (b)
B0 → D−π+ B∗+c (3.6± 0.9) × 10−3 (3.0 ± 0.4) × 10−3 (b)
B0 → D−D+s B∗+c (18± 10) × 10−3 (7± 4)× 10−3 (b)
B0s → D−s π+ B∗+c (1.4 ± 0.5)% < 12% (b)
(a) Doubly Cabibbo suppressed mode. (b) Existence of B∗+c with a mass of 6.34 GeV/c
2
assumed.
TABLE VII. Branching fractions of the P1 → P2+P3 decay modes in the tree level of MD and
comparison with experimental data. Column C shows the meson coupled to the W+ boson. Only
results that contradict data are listed.
Decay mode C Meson dominance result Data Notes
K+ → π0π+ K∗+ (86.3 ± 1.1)% (21.16 ± 0.14)%
K0S → π−π+ K∗+ (2.52 ± 0.03)% (68.61 ± 0.28)%
K0S → π0π0 none 0 (31.39 ± 0.28)%
D0 → π−π+ D∗+ (3.1± 1.2) × 10−3 (1.52 ± 0.11) × 10−3
D0 → π0π0 none 0 (8.4 ± 2.2)× 10−4
D+ → K0π+ D∗+s (9.8 ± 0.6)% (2.74 ± 0.29)%
D0 → K0π0 none 0 (2.11 ± 0.21)%
D0 → K−K+ D∗+s (2.66 ± 0.16) × 10−3 (4.33 ± 0.27) × 10−3
D0 → K0K0 none 0 (1.3 ± 0.4)× 10−3
D+s → η′π+ D∗+s (1.9 ± 0.8)% (4.9 ± 1.8)%
B+ → D0π+ B∗+c (3.7± 1.0) × 10−3 (5.3 ± 0.5)× 10−3 (a)
(a) Existence of B∗+c with a mass of 6.34 GeV/c
2 assumed.
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TABLE VIII. Branching fractions in the tree level of MD of the P1 → P2 + P3 decay modes
that have not yet been observed. Only the modes with branching fractions greater than ×10−4
listed. Column C shows the meson coupled to the W+ boson.
Decay mode C Tree diagram of MD Notes
D+ → π0K+ D∗+ (2.9 ± 1.1) × 10−4 (a)
D+ → ηK+ D∗+ (5.2 ± 1.7) × 10−4 (a)
D+ → η′K+ D∗+ < 5.7 × 10−4 (a,b)
D+s → ηK+ D∗+s (1.8 ± 0.5) × 10−3
D+s → η′K+ D∗+s (1.3 ± 0.5) × 10−3
D+s → K0K+ D∗+ < 5.6 × 10−4 (a,c,d)
B+ → D0K+ B∗+c (2.8 ± 0.7) × 10−4 (a,e)
B+ → D0D+ B∗+c (4.0 ± 1.4) × 10−4 (a,e,f)
B0 → D−K+ B∗+c (2.7 ± 0.7) × 10−4 (a,e)
B0 → D−D+ B∗+c (3.8 ± 1.3) × 10−4 (a,e,f)
B0s → D−s K+ B∗+c (1.1 ± 0.4) × 10−3 (a)
B0s → D−s D+ B∗+c (1.5 ± 0.6) × 10−3 (a,e,f)
B0s → D−s D+s B∗+c (7.4± 4.0)% (e)
(a) Doubly Cabibbo suppressed mode. (b) Using B(D+ → η′π+) < 9 × 10−3. (c) Using
B(D+s → K0π+) < 8 × 10−3. (d) This mode is experimentally indistinguishable from
D+s → K0K+ and represents a negligible background to it. (e) Existence of B∗+c with a
mass of 6.34 GeV/c2 assumed. (f) D+ decay constant taken from [15].
36
TABLE IX. Branching fractions of the P1 → P2 + V (A) decay modes in the tree level of MD
and comparison with experimental data. Column C shows the meson coupled to the W+ boson.
Only results that do not contradict data are listed.
Decay mode C Meson dominance result Data Notes
D+s → η′ρ+ D∗+s (11.9 ± 4.6)% (12 ± 4)%
B+ → π0ρ+ B∗+ (1.2 ± 0.4) × 10−5 < 7.7× 10−5
B+ → π0K∗+ B∗+ (7.4 ± 2.5) × 10−7 < 9.9× 10−5 (a)
B+ → π0D∗+s B∗+ (6± 5)× 10−5 < 3.3× 10−4 (b)
B+ → π0a+1 B∗+ (2.0 ± 0.7) × 10−5 < 1.7× 10−3
B0 → π−ρ+ B∗+ (2.4 ± 0.8) × 10−5 < 8.8× 10−5 (c)
B0 → π−K∗+ B∗+ (1.4 ± 0.5) × 10−6 < 7.2× 10−5 (a)
B0 → π−D∗+s B∗+ (1.1 ± 1.0) × 10−4 < 5× 10−4 (b)
B0 → π−a+1 B∗+ (3.8 ± 1.3) × 10−5 < 4.9× 10−4 (d)
B+ → ηD∗+s B∗+ (7± 6)× 10−4 < 8× 10−4 (b)
B+ → D0D∗+s B∗+c (2.0± 1.7)% (1.2 ± 1.0)% (b,e)
B+ → D0a+1 B∗+c (9.8 ± 2.6) × 10−3 (5± 4)× 10−3 (e)
B0 → D−ρ+ B∗+c (6.3 ± 1.7) × 10−3 (7.8 ± 1.4)× 10−3 (e)
B0 → D−a+1 B∗+c (9.4 ± 2.5) × 10−3 (6.0 ± 3.3)× 10−3 (e)
(a) Doubly Cabibbo suppressed mode. (b) Using (wD∗s |Vcs|)2 = 39±31, as determined from
B(B0 → D−D∗+s ) = (2.0± 1.5)%. (c) Experimental value includes also the π+ρ− mode. (d)
Experimental value includes also the π+a−1 mode. (e) Existence of B
∗+
c with a mass of 6.34
GeV/c2 assumed.
TABLE X. Branching fractions of the P1 → P2 + V (A) decay modes in the tree level of MD
and comparison with experimental data. Column C shows the meson coupled to the W+ boson.
Only results that contradict existing data are listed.
Decay mode C Meson dominance result Data Notes
D+ → K0ρ+ D∗+s (11.7 ± 0.7)% (6.6 ± 2.5)%
D0 → K0ρ0 none 0 (1.20 ± 0.17)%
D0 → K−ρ+ D∗+s (4.57 ± 0.27)% (10.8 ± 1.0)%
D+ → K0K∗+ D∗+s (0.6 ± 0.4)% (3.0 ± 1.4)%
D0 → K−K∗+ D∗+s (2.20 ± 0.14) × 10−3 (3.5± 0.8) × 10−3
D+ → K0a+1 D∗+s (3.77 ± 0.22)% (8.1 ± 1.7)%
D0 → K−a+1 D∗+s (1.5 ± 0.1)% (7.3 ± 1.1)%
D+s → ηρ+ D∗+s (3.3 ± 0.9)% (10.3 ± 3.2)%
B+ → D0ρ+ B∗+c (0.7 ± 0.2)% (1.34 ± 0.18)% (a)
(a) Existence of B∗+c with a mass of 6.34 GeV/c
2 assumed.
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TABLE XI. Selected B+c decays: MD predictions for branching ratios and their comparison
with those of various models.
Branching ratio MD PQCD [9] BS [58] ISGW [59] BSW [59] BSW [60]
B+c → ηc + ℓ+νℓ/π+ 5.0 4.3 4.0 4.1
τ+ντ/π
+ 1.1
K+/π+ 0.075 0.068 0.078 0.074 0.078
ρ+/π+ 2.3 3.0 2.6 2.4 2.6
K∗+/π+ 0.10 0.09 0.14 0.12 0.14
a+1 /π
+ 2.6
K+1 /π
+ 0.18
B+c → Bs + ℓ+νℓ/π+ 0.38 0.36 0.26 0.25 0.27
K+/π+ 0.064 0.072 0.075 0.070 0.073
ρ+/π+ 0.45 0.77 0.46 0.40 0.60
PQCD: using perturbative QCD framework proposed in [61]; BS: Bethe-Salpeter description
of the meson wave functions and the hadronic matrix elements; ISGW: model of Isgur, Scora,
Grinstein, and Wise [62]; BSW: model of Wirbel, Stech, and Bauer [63].
TABLE XII. Branching fractions of the flavor changing “weak neutral current” modes
P1 → P2 + ℓ+ℓ− calculated in the MD approach assuming the dominant role of the a1 resonance.
Column C shows the mesons coupled to W+.
Decay mode C MD result Other predictions Data
K+ → π+e+e− K+, a+1 ≈ 3.1× 10−7 (a) (2.74 ± 0.23) × 10−7
K+ → π+µ+µ− K+, a+1 (6.2 ± 0.5)× 10−8 (b) (6.2+0.8−0.6)× 10−8 [51] < 2.3 × 10−7
D+ → π+e+e− D+, a+1 (3.9 ± 0.9)× 10−7 (c) < 10−8 [53] < 6.6 × 10−5
D+ → π+µ+µ− D+, a+1 (3.9 ± 0.9)× 10−7 (c) < 10−8 [53] < 1.8 × 10−5
D+s → π+µ+µ− D+s , a+1 (1.0 ± 0.5)× 10−5 (d) < 4.3 × 10−4
(a) Using the a1ρπ coupling constant determined from Γa1 ≈ 400 MeV. (b) Normalized by
the K+ → π+e+e− experimental branching fraction. (c) Using the a1ρπ coupling constant
determined from K+ → π+e+e− and the lattice calculation [15] result for the D+ decay
constant. (d) Using the a1ρπ coupling constant determined from K
+ → π+e+e− and the
D+s decay constant from the experimental branching fraction of D
+
s → µ+νµ.
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FIGURES
FIG. 1. Matrix element of the τ− decay to neutrino and a pseudoscalar, vector, or axial-vector
meson.
39
FIG. 2. Matrix element of the decays τ− → π−π0ντ and τ− → K−K0ντ .
40
FIG. 3. Matrix element of the decay τ− → ω(φ) π−ντ .
41
FIG. 4. Two diagrams that contribute to decay τ− → K∗0K−ντ , one with ρ−, the other with
a−1 in the intermediate state.
42
FIG. 5. Matrix element of the decay τ− → η π−π0ντ .
43
FIG. 6. Matrix element of the decay τ− → η π−ντ .
44
FIG. 7. Generic Feynman diagram of P1 → P2ℓ+νℓ decays.
45
FIG. 8. K+e3 form factor f+(t): Meson dominance (solid), linear parametrization used by ex-
perimentalists to fit data with limits coming from the experimental error of the slope parameter
(dashed).
46
FIG. 9. Generic Feynman diagram of P1 → P2 + P3 decays.
47
FIG. 10. Generic Feynman diagram of P1 → P2+M decays. M stands for the outgoing vector
or axial-vector meson.
48
FIG. 11. Matrix element of the reaction P+1 + e
− → P−2 + νe.
49
FIG. 12. Total cross section in attobarns (1 ab = 10−42 cm2) of the reactions of positive pions
and kaons with target electrons as a function of the laboratory kinetic energy.
50
FIG. 13. Matrix element of the reaction ν¯e + e
− → P1 + P2.
51
FIG. 14. Total cross section in femtobarns (1 fb = 10−39 cm2) of two-meson production in
reactions of the electron antineutrino with target electrons as a function of antineutrino energy.
52
FIG. 15. Matrix element of the decay K+ → π+e+e− in the meson dominance approach.
53
FIG. 16. Three contributions to the matrix element of the decay K+ → π+γ(γ∗) related to
Lagrangians (5.5) and (5.6).
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FIG. 17. Other two possible MD Feynman diagrams for K+ → π+e+e−.
55
FIG. 18. Selected quark diagrams of the K+ → π+e+e− decay mode. (a) Two (differing by
u ↔ d¯) of possible electroweak diagrams; (b) After the strong interactions are switched on, the
previous diagrams develop into those that provide the most important contributions, like the one
shown here. Unlabeled wavy curves represent gluons.
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FIG. 19. Long-distance part of the matrix element of the CP conserving decay K+ → π+νν¯.
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